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On the Linearized Relativistic Boltzmann Equation.
II. Existence of Hydrodynamics

Marek Dudynski'
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Solutions are analyzed of the linearized relativistic Boltzmann equation for
initial data from L*(r, p) in long-time and/or small-mean-free-path limits. In
both limits solutions of this equation converge to approximate ones constructed
with solutions of the set of differential equations called the equations of
relativistic hydrodynamics.
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1. INTRODUCTION

One of the major problems in relativistic statistical mechanics is to provide
a consistent derivation of the equations of hydrodynamics. In spite of the
effort of many authors,"™® this problem is still open. There is even deep
confusion in this subject due to various formulations of basic postulates
and consequently various sets of both hydrodynamic variables and equa-
tions. Among the best-known versions of relativistic hydrodynamics are the
works of Eckart,’"’ Landau and Lifschitz,® Israel,”® Israel and Stewart,®
Liu et al,®’ and van Kampen.’® What is even worse is that there is still
no definite experimental evidence in favor of any of these theories. On the
other hand, in many physical situations, such as the description of the
quark plasma found in heavy ion collisions”’ as well as in many models
used in astrophysics,® one needs certain hydrodynamic equations.

Here I want to avoid the arbitrariness connected with existing deriva-
tions of relativistic hydrodynamics and prefer to assume that on the
microscopic level the system can be accurately described by the relativistic
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Boltzmann equation.® !> My aim is to prove that in certain well-defined
limits a solution of this equation can be approximated by a solution of a
properly chosen set of differential equations I then call the equations of
relativistic hydrodynamics.

Similar to nonrelativistic theory,"'! '*) the main ingredients of such an
approach are certain integral estimates on the collision part of the
linearized Boltzmann operator. These were done in ref. 16 (which hereafter
will be referred to as I). Here I confine myself to a subclass of scattering
cross sections analyzed in I, namely to cross sections corresponding to so-
called cutoff hard interactions. For such a class of cross sections one is able
to perform fairly detailed analyses of spectral properties of the linearized
relativistic Boltzmann operator and find then an exact form of solution to
this equation in the long-time and/or small-mean-free-path limits. Next I
postulate a closed set of differential equations for moments of five
conserved quantities, i.e., density of particles and density of momentum and
energy, and prove the existence of global solutions to these equations in
Sobolev spaces H'(r). With the help of these five moments I construct an
approximation to the solution to the linearized Boltzmann equation and
show that in both of the above-mentioned limits such an approximation
agrees with the actual solution of the Boltzmann equation with corre-
sponding initial data. I call this set the equations of relativistic
hydrodynamics and in fact these are the same equations one can derive
from the Boltzmann equation via the Chapman-Enskog expansion. I con-
sider here a weaker form of the meaning of hydrodynamics as a reduced
description of a system, governed by the Boltzmann equation, valid for the
long-time and/or small-mean-free-path limits. However, if one assumes that
the connection between the long-time asymptotics of the Boltzmann equa-
tion and the hydrodynamic description of the system holds in the
relativistic theory as well as it holds in the nonrelativistic one, then the pre-
sent approach leads at least to the correct asymptotic form of the equations
of relativistic hydrodynamics. An outline of the results was given in ref. 24.

2. THE LINEARIZED RELATIVISTIC BOLTZMANN EQUATION

Let us consider a one-component classical relativistic gas of particles
with rest mass m # 0 in flat space-time and in the absence of external forces.
It is convenient to introduce dimensionless variables x* and p* related to
the usual dimensional four-vectors of position y* and momentum g* by
the relations x*= y“/en and p*=g"c/kT. The dimensionless mass is
M =mc’/kT. Tt is convenient to interpret 7 as the temperature of the
corresponding global equilibrium state. # is a time scale to be specified.
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Formulas are written in covariant manner, using an arbitrary chosen
frame of reference. In this frame one decomposes x* and p* as follows:

=(t,r), pH:(pO’ p)

where as usual p, = (M > +p?)"~
The evolution of the one-particle distribution function F(r, p, ¢) is
governed by the relativistic Boltzmann equation:

o  poF 12
—~F dyp, dQ  O)[F'F, —FF 2.1
Pt a = a2 —— (g OIFF ~FR] 1)
where
s'2=1p, + p|
=|p, — pl

c0s O =1-2(p, — pu,)(p" — p")AM* —5) "
dQ =sin @ dO d¢

a(g, @) is the differential scattering cross section. All the above quantities
refer to the center-of-mass frame; F=F(r,p,t), F,=F(r,p,,1), F'=
F(r,p’, t), and F| = F(r, p}, 1).

For a system close to a global equilibrium its distribution function can
be written as

F(r, p, 1) = fo(p) + [fo(p)1"* f(r, p. 1) (2.2)

where the relativistic equilibrium distribution function fy(p) has the
form"

Jo= exp(—u“p,) (2.3)

n
4nM>K,(M)
The u* has the meaning of dimensionless hydrodynamic four-velocity, and
K,(M) is the Bessel function of the second kind of index 2.U'®

Substituting a function F in the form given by Eq. (2.2} into Eq. (2.1)
and disregarding terms quadratic in f; we obtain the linearized relativistic
Boltzmann equation (LRBE):

af o7 gs

1/2

o(g, @) fio

A |
X[(fo)’/2+(fo)1/2 Ak (fo)“z}

1
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In the following I consider Eq. (2.4) in several functional spaces and now
introduce these spaces and define norms needed later.

Let L?(o) (o =r, p, ke R?) denote the space of functions whose pth
(1< p<o0) power is integrable with respect to the Lebesgue measure in
R’. The usual norm in these space is denoted by | /(¢ )|l .»(. ,- H'(r) denotes
the Sobolev subspace of L*(r) functions the derivatives of which up to and

including order / belong to L*(r). H'(k) means the Fourier transform of
H'(r) with a norm

1/ srrgaey = 11+ &%) ) iy
= f(0)] Hi(r) (2.5)

In this and following denote the Fourier transform of f(r) by its argument,
ie.,

f1R) = (2m) "> [ exp(—ikr) f(r) dyr
Call H, the L*(r, p) with a norm
1/2
|fHL2(r,p)=<J |f(r,p)I* ds p ds") (2.6)
Now define a partial Fourier transform in r of f e H, as
f(k, p)=(2x) " [ dyr exp(—ikr) f(r, p) (27)
Denote H, = {f(k, p): f(r, p)e Hy} and define

LAk, p)ll gy = J dyk ds p | f(& P =11 20,y (2.8)

For all />0, define H, as the Hilbert subspace of L*(r, p) consisting of all
H'(r)-valued L?*(p) functions with a norm

12
1160 =| [ LA dor |

172
= {Jf L1 +k2)1/2 |f(K, p)”z dk d3p}
= | /(k, p)l, (29)
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For a scattering cross section o(g, ), assume that there exist constants «,
B, B, v, 7, B, B, B, and C, such that

y> =2, 0<a<min(4, 4+7), O<fp<y+2
F>-2,  0<f<i+2

and the following are fulfilled:

(1) o(g, O)<(Bg’+ B'g *)sin” O (2.10a)
L ghrt .
(i) (g, 0)=B sin’ @ {2.10b)
ot g

As shown in I, the assumption (2.10a) makes it possible to express the
relativistic collision operator L on the rhs of Eq.(2.4) in the following
form:

1 1
ELZEE_V(P)‘*'Kz_KJ

where

KL/ p,0]= [ dypik, (b p) 10,0, i=1,2

1/2

ki(p,p)= exp[ (= +Tl ]f de sin Oo(g, @)
1 s (1 +x)2 (141,
kalp, pi) = 4gPoP10'[ dxexp[ 2 ]
g L+ (1+x%)"7? p APyl
Vs ) e e

Wp) = dypiky(p, py) expl(c —1,)/2]

and
T:u#pu: T =u#p1u
sin(y/2) =2"g[g* — M + (g2 + M?)(1 +x7) 2172
p A p; is a vector product of p and p, calculated in the rest frame of the

gas [in this frame u* = (1,0, 0, 0)]; the explicit expression for |p A p,| has
the form

[p A p;l=[4g(z7, _gz_Mz)_Mz(T_,tl)zjuz
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I have introduced explicitly the small parameter
e=2M’K,(M)n~' = (m*kT) Ky(m/kT)n"

One sees that ¢ is related to the mean free path in the corresponding equi-
librium state and ¢ >0 as n — oo.

It was shown in I that the operator K is a compact operator in L(p).
The condition (2.10b) ensures that the function v(p) is a real function and
there exist two positive constants v, and ¥, such that

0 < vy <v(p) < Fo(po), 4>0

Thus, Eq. (2.10b) defines the so-called hard interactions. The coef-
ficient /4 is related to the constant fB; the details of the proof of these
statements are given in 1.

3. GENERAL PROPERTIES OF THE RELATIVISTIC
BOLTZMANN OPERATOR

It was shown in the previous section that for (g, @) fulfilling condi-
tions (2.10) the LRBE can be written as

1
0. f+2vr=-L[s] (3.1)
Po g

I describe now general properties of the operator L that will be needed
later.

(i) L is a closed, unbounded, self-adjoint operator on L*(p) with a
domain

D(L)=D(v(p)) := {f € L*(p): v(p) f(p) € L*(p) } (32)

(i) For all fe D(L), L is nonpositive operator, i..,

(/. L) <0 (3.3)
Lf=0 iff feNo:={fi% pS% 0, S 5% 067 pofdP) (3.4)

Denote the spectrum of the operator L as ¢(L). Then:

(ili) (L) consists of discrete and continuous parts. The latter is iden-
tical with a set of values assumed by —v(p) for all possible values of pe R?,
ie., with the interval ]— oo, —v,]. By a suitable choice of the time scale #
we can set the vy = 1. The discrete part of ¢(L) consists of eigenvalues of
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finite multiplicity which can accumulate only at the boundary of the
continuous spectrum. Denote

vy :=sup{e(L)n[—oc, —f1; >0}

Because zero is not an accumulation point of the spectrum, it follows that
vy >0.

For fe H,(r,p), /=0, we can perform a Fourier transform in r of
Eq. (3.1) and we obtain

1
atf(ka P, [) =E Bks[f(k) P, t)] (35)
where
B, = —v(p)+ K—ike L (3.6)
Po

In the following we will be mainly concerned with Eq. (3.5). T list
below some important properties of the operator B,, that will be used
frequently. As |p/po| <1, it follows that for every ke R’ and £e[0, 1],
D(B,,)=D(L)= D(v(p)). Considering B,, as an operator in L*(k, p), we
have:

(i) B, is closed, unbounded, and not self-adjoint.
(ii) Re(f, B.f) <0, ie., a(B,,) lies in the left half-plane.

(iil) o(B,,) is symmetric with respect to the real axis; if ¢(k, p) is an
eigenfunction belonging to the eigenvalue 4, then ¢(—k, p)* is an eigen-
function belonging to i*.

An important property of the spectrum o(B,,) is described by the
following:

Proposition 3.1. For all keR’ and ¢€ [0, 1], 6(B,,) consists of a
continuous part I":= {—[ikep/p, +v(p)]; peR*} and a discrete part of
the isolated eigenvalues with finite multiplicity. These eigenvalues can
accumulate only at the boundary of I

Proof. We consider the operator B,, as a perturbation of the
operator A,, = —v(p) —ikep/p, with a compact operator K. The spectrum
of A,, is purely continuous and ¢(A4,,)=1. The theorem of Schechter®
ensures that the essential spectrum of By, ie., o.{B.) is equal to
Oess(A), this last being identical with o, (A4,,), i.e, with I. As the
operators A,, and B, are closed, a general theorem states (ref. 20, p. 238)
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that the semi-Fredholm set of B, = A,, + K is equal to the semi-Fredholm
set of the operator A,,. The semi-Fredholm set of the operator 4, is
characterized as follows. Let S(ke)={zeC: z= —v(p)—ikep/p, for
peR’}. Then Sp(ke)=C/S(ke) is the semi-Fredholm for 4,, and also for
B,.. The S(ke) is a closed set, and thus S,(ke) can be written in general
as Sp(ke)= S (ke)+S7(ke), where both the S%(ke) are connected and
S r(ke) contains the half-space {z: Rez>0}. As By, is closed, the nullity
and deficiency of B,, — z are both constants on the connected components
of Sr(ke), except for isolated values of z. It was shown in I that B,
generates a contraction semigroup on L*(k, p) and it follows then that both
the nullity and deficiency of B,, —z are zero for {z: Re z>0}. This means
of course that they are zero for ze S ;.(ke) except for some isolated values
of z. We see, then, that, except for these values of z, SL(ke) is contained
in the resolvent set of the operator B,,. This shows that these exceptional
values of ze S1.(ke) can be only eigenvalues of finite multiplicity. ||

4. RESULTS FROM THE PERTURBATION THEORY

Information concerning the local behavior of the ecigenvalues and
eigenfunctions of the operator B,, for small values of |ke| follows from the
theory of analytical perturbations.®?" In order to apply this theory to the
operator B,,, consider a family of operators B, defined as

B, =L+yV (4.1)
where y e C and I have introduced a bounded in L*(p) operator V,

__kp
k| po

(4.2)

It is easy to check that for y = —i|ke| the operator B, is equal to the B,.
For all y, D(B,)= D(L) and one sees that for every ¢ D(L), B,[¢] is a
vector analytic function of y. Thus, the B, form an analytic family of the
type A in the sense of Kato.?*?" Moreover, for y real, B, are self-adjoint.

We can then apply the Kato—Rellich theorem (ref. 21, p. 22).

Theorem 4.1. (Kato-Rellich) Let B, be an analytic family in the
sense of Kato for y near O that is self-adjoint for real y. Let 4, be a discrete
eigenvalue of multiplicity m. Then, there are m not necessarily distinct
single-valued functions analytic near y=0; 4'(y)---A™(y), with A'(0)= 4,,
so that A'(y)---A™(y) are eigenvalues of B, near A, for [y| small enough.

Theorem 4.1 ensures the existence of eigenvalues of the operator B,
for sufficiently small |ke|. We see that eigenvalues of the operator L cannot
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suddenly disappear if the perturbation ickp/p, is turned on. These pertur-
bed eigenvalues can be calculated by the standard perturbation expansion
and this is done in Appendix A. These results make it possible to prove the
following refinement of this general theorem:

Theorem 4.2. Let 1,(ke) and e,(ke) denote the eigenvalues and
corresponding eigenfunctions of the operator B,,. There exists ¢ >0 such
that for kel <5 the following are fulfilled:

(i) The eigenvalues {A,(ke)};_, are semisimple and the corre-
sponding spectral projectors P;(ke) can be represented as

Pike)f= Y (ef(—ke) [z, erlke) (4.3)

where m; is the multiplicity of the eigenvalue 4,(ke),
(e.(—ke), e;(ke)) oy, =0y (44)

4;(ke) and e;(ke) have expansions

oo

Ajlke)="Y A, [u*](ike)" (4.5)

n=0

e;(ke)=

n

118

e[ p, kik, u"](ike)" (4.6)
0

.., are functions of hydrodynamic velocity #* alone, 4, >0, and e, are
functions of p, k/k, and u*.

(i) o(Bg)n[—(2/3)v;, —(13)v]=2

Froof. The point k=0 is an exceptional point of the operator B,
but at k=0, By=L is a symmetric operator, and thus a general
theorem®® on the perturbation of symmetric operators ensures that the
eigennilpotents D;(ke) vanish identically because they vanish for k = 0. This
means that A;(ke) are semisimple. For k#0 the fivefold degenerate zero
eigenvalue of L splits into several groups A, each of multiplicity m, such
that 3" m, = 5. The same is of course true for the adjoint operator B, =
B . =L+ikpe/py. If ¢,(ke) is an eigenfunction belonging to the eigen-
value A;(ke) of the operator By, then ¢,(—ke) is an eigenfunction belonging
to the eigenvalue 4;(ke)* of the adjoint operator B,,. We can write, then,

(Bu( —ke), B, (ke)) 12 = 4 (ke)(u( —Ke), ¢, (Ke)) L2,
= Lalke)(@(—ke), ¢, (Ke)) 2

822/57/1-2-14
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and we see that for 1,(ke) # 4,(ke)

(¢n( —kg), ¢j(k8))L2(p) =0

There are biorthogonality relations for eigenfunctions belonging to different
groups of eigenvalues. As the 4;(ke) are semisimple, we can choose in the
subspace belonging to each P;(ke) eigenfunctions in such a way that we
have also

(¢n(_k8)9 ¢j(k8))L2(p) = 5nj5 n, J= 19---1 5

Note that for purely imaginary & these relations are equivalent to the state-
ment that eigenfunctions of the symmetric operator can be chosen as an
orthonormal basis. For k real, as it is in our case, such relations are true
only for sufficiently small k¢ when we can apply the Kato—Rellich theorem.
With the help of such a basis we can express each of the P;(ke) as

Pike)f =3 (ef(—Ke), f)pz erke)
=1

Theorem 4.1 ensures that there exists 6 >0 such that for ke <6 4;(ke) and
e;(ke) are analytic functions of ke and we can expand them into series
in this parameter; coefficients of these expansions are calculated in
Appendix A.

The zero eigenvalue of the operator L is separated from the rest of the
spectrum by a gap with width v,. We see that by taking the value of §
sufficiently small we can confine the first five eigenvalues of the operator
B, to the circle in the complex plane with radii less then (1/3)v, and the
rest of the spectrum to the half-space Re(4) < —(2/3)v,. }

All of our considerations have been done in an arbitrarily chosen
frame of reference and this choice set a definite value of the hydrodynamic
four-velocity u*. In the following I suppress the dependence of 4; and e; on
u* so long as it leads to no confusion.

5. GLOBAL BEHAVIOR OF EIGENFUNCTIONS

The information concerning the local behavior of eigenfunctions of the
operator By, for small values of ke is not sufficient to show boundedness of
the resolvent (z— B,,) ' for z from the strip {z: —f<Rez<0}. This we
will need if we want to obtain an explicit form of the solution to Eq. (3.1).

The aim of this section is to prove that for large k¢ the spectrum of the
operator B,, is bounded away from the imaginary axis. In fact, we will
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prove even more, namely, that for ke — co the discrete part of the spectrum
a(B,.) moves toward continuum (see ref. 15 for nonrelativistic results).
We first consider the eigenvalue problem for the operator B,

[—v(p)—%g-‘-’JrK] 4, = ike)g, (5.1)

Taking a scalar product of this equation with ¢,, making use of the fact
that [¢;[l;2,) =1, and then forming the real and imaginary parts of the
result, we obtain

'k
[Im 4, (ke)| = } [ & pox(p) ’p—"¢,(p)‘ <lkel (52)

Re ?~,-(k8)=fdsp¢,*(P)[—V(p)+K] ¢;(p) (53)

As —v(p)+K is nonpositive definite, we see that Re[4;(ke)]<0.
Moreover, for k #0, if we assume that ¢,(ke)=3;_, o (ke)g), where ¢0e
Ker[ —v(p) + K], then Eq. (5.1) takes the form

22k |

ZSZ o, (ke)g) =0 (54)
Po -1

I

The only solution of Eq. (5.4) has the form «;(ke)=0 for all j, /=1,..,, 5.
We see that for ke #0, ¢, =3)_, a;(ke)¢) cannot be an eigenfunction

of the operator B,,. From the fact that —v(p)+ K is a strongly negative

operator for ¢ ¢ Ker(—v(p) + K) we can conclude that 3C; > 0 such that

Re[4;(ke)]< —C; (55)

for all 4; from the discrete spectrum.
For a more detailed description of the o(B,,) for large ke we need the
following lemma.

Lemma 5.1. ForReil> —1,¢€]0, 1],
lim [KAZ!| =0 (5.6)
k — oo

where

oy 1!
Aﬂcl{—v(p)—%} (5.7)
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Proof. We make use of the classical results that a compact operator
transforms weakly convergent sequences into norm converging ones. For
every ke R? and 7 such that Re 2> —1 the operator KA ;! is compact as
a composition of a compact and bounded operators. We assume then that
there exist sequences k, such that k, — co as n — oo and ¢* with ||¢*| =1
such that

KA L 5] 12y #0 (5.8)

Akne

It follows then that A4 ;! ¢* #0 weakly, but we have the estimates

1/2
Ve Al gy < [ 1017 112 s | (59)
and according to the Lebesgue theorem,®* we see that
lim [ dsp Y1 14, =0 (5.10)

This is a contradiction, which proves the lemma. |
After these preparations, we can prove the following

Theorem 5.2. For every 0<f <1 there exists k; such that for
ke > kg the half-space Re 4> —f is free from eigenvalues.

Proof. We transform Eq. (5.1),
(A +K1d; =0, $,€D(A,)

into the following equivalent one,

KA, =Vi,  YaeL’(p) (5.11)
Calculating now the norm of both sides of this equation, we find that
KA a2 2y = W31 1o (5.12)

but we have that

KA o5 2y < NKA e NIV a1 L)

and according to Lemma 5.1, lim, _, . [|[KA4 .|| =0. Thus, we can choose
sufficiently large kj such that for ke >k, [[KA4,.Il <1 and Eq. (5.12) has
no solution in L*(p). |

The dependence of the constant k; on B follows from the fact that
| KA, || depends on the lower bound on Re A.
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We have shown that for k#0 for each i; belonging to the discrete
spectrum of the operator B, there exists C; >0 such that Re 4,(ke) < —C..
We show now a much stronger bound:

Proposition 5.1. For all k, >0 there exists C, >0 such that for
all kee [k,, kgl, o(B,)n{A:ReAi>—-C,} =,

Proof. Assume the contrary, ie., that there exist k€ [k,, k;] and
sequences ¢” and A, such that

lim Re[A,(kqoe)]=0

In such a case we have also that 3y such that |y| <k,¢ and

lim [Im A,(ke)]=y

n - oo
This follows from the fact that Im[A,(koe)] e[ —koé, koe] and can be
considered as a sequence of the elements of the compact set and we can,
then, dropping to the subsequence if necessary, choose a convergent sub-
sequence. This in fact shows that the spectrum of the operator B, has an
accumulation point at 4=#y. Such a result contradicts Lemma 3.2, which

says that for all k e R? the eigenvalues of the operator B, can accumulate
only at the boundary éI” of the continuous part of the spectrum. §

From Proposition 5.1 and Theorem 5.2 we have the following simple
result.

Corollary 5.1. For all k>0 there exists C>0 such that o(ke)n
{A:Rei>—-C}=.

Proof. Theorem 52 ensures that for ke>kge, o(Bi)n
{A:Re A> —f} = . According to Proposition 5.1, if we take k > k,, then
it is enough to choose C=min{f, C,}. 1

6. THE RELATIVISTIC BOLTZMANN SEMIGROUP

We can now formulate and prove the main theorem providing an
explicit form of the semigroup which solves the LRBE.

Theorem 6.1. Assume that o(g, @) satisfies (2.10a), (2.10b). Then:

(a} The operator
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for all ¢€ ]0, 1] generates a strongly continuous contraction semigroup on
H,(r,p), /=0, given explicitly as

1
exp(tB,) f(r, p) =Wj d;k exp(ikr)

X exp <£ Bkg) 7k, p) (6.1)

(b) The operators B, for all ke R? generate a strongly continuous
contraction semigroups on L*(p) and 36,, f,, B, such that the following
are fulfilled for all f e L*(p):

(i) For ke< o,

5
exp <é Bks>f: 2 exp [é ’lf(kﬁ)} (e;(—ke), 1) 2 e;(Kke)

+ exp <é Ak8>f+ exp <£ ﬁ1> Z, <ks, é)f (6.2)

where A;(ke) and e;(ke) are eigenvalues and eigenfunctions of the operator
B,, and they have analytic expansions

2, (ke) = i Alike) + olke)? (6.3a)
e,(ke)= Y e, (k/k)(ike)" + o(ke)? (6.3b)

n=0

2, are constants, with 4;, >0, e;, are functions of k/k only, and

e;(—ke), e;(ke)) 2, =y, i j=1,.,5. (6.4)
(1) For ke> 4,
t t
cXp (E Bke>f= CXp <_ Aka>f
£
t {
+exp<—g,82> Z, <k8, g>f (6.5)
where
ike
A= —v(p)+ 0 (6.6)
Po

2,k 1) k)= lim 5= [ e"Z(e —p,+in) S0 dy (67)

y — o0 2ni —ly
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where, for AeC
Z(k,A)=(A—A) ' [I—K(A—Ak) '] K(A—4)"" (638)

and
1Z(k, 1) f{k, P 12p) < C ISk, DI 12 (6.9)

The constant C is independent of k and .

Proof. The first part of this theorem was given in I. The proof
follows closely that given for the nonrelativistic Boltzmann equation by
Nishida and Imai"**’ and Elis and Pinsky'® and can be easily extended to
the case ¢ ]0, 1]. I present here the proof of part (b).

We use the contour integral representation of the semigoup
exp[(t/e) By, ] valid for any f e D(B,.),

exp (é Bk5> f(k, p) 25'17?Jc eXp (%t)

x(z—By,)"' f(k, p)dz (6.10)

where C is a contour which lies to the right of ¢(B,,) and extends from
—ioo to iow. For ke<d,, where we take &, small enough to apply
Theorem 4.2, we can make the following transformation of the contour
integration in Eq. (6.10):

1
i;ijc exp(z‘;) (z—By) 'fdz
g o (F) s

1 ~BL+iy t
tapm [ e | it (g -8
“hmi é (6.11)
Cs={zeC: z=46e", $e[0,2rn[ } with 6€ Jiv,, 2v,[ contains the first five
cigenvalues of the operator B,,. We can choose also #, € 1iv,, 3v,[, and,
as shown in Theorem 4.2, ¢(B,, )" {z: z= —f +iy; f=B,, ye R} = J. We
see then that for a given ke < J, the integral over C; in Eq. (6.11) splits into
n, integrals over small circles, each encircling only one eigenvalue of B, ;
n; <5 is the number of distinct eigenvalues of B,, in C;. These integral can
be easily performed and we obtain

1 zt _
3 fc exp (;) (z—By) " fdz

o Aq(ke)t
=) exp [
[gl

&

}P,(ka)f (6.12)
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where P,(ke) are the spectral projectors on the subspace corresponding to
the Z,(ke). It follows from Theorem 4.2 that these projectors can be
represented as

Pike) = 3 (e)(—ke), /) e k)

J

m; is the multiplicity of 4, (ke).
We can write

—(1/2ni) | exp(zt/e)(z— BL,) ' f(k, p) dz

Cs

= Z exp[4;(ke)t/e](e;(—ke), f) 2 €;(ke) (6.13)
with
(ej(_kg)s e/(k‘g))ﬁ(p) = 5]'/

We have shown that 4;(ke) and e;(ke) are analytic functions of k¢ near
zero; thus, taking d, sufficiently small, we fulfili (6.3a), (6.3b).

In the second integral in Eq. (6.11) with the help of the operator
identity (z—A—B) " '=(z—A4) ' +(z—A) ' B(z— A— B)~! we obtain

(12m) [ expL(=py+ i)~y + iy~ B S ) de
—2m) [ expl— (B + el (— B+ iy~ Au) S dy
F/2m) exp(=Bytie) | Z(=py+inke) fdy (6.14)
where
Z(zke)=(z—A,) " [I—K(z— A) 17 K(z—A,) "' (615)

The reason for such a splitting is that the first integral on the rhs of
E. (6.15) can be explicitly done, with the result

(122) [~ expl(~By + i) 1fe))(— B + iy — Ae) ™" f

=exp(Ay,1/¢) f
=exp{[ —v(p)/e + ikp/po ]t} f(k, p) (6.16)
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The norm of the operator Z(z, k) can be estimated for z= —f§ + iy ¢ g(By.)

as
k 271
HZ(Z,k)Hé[(B—l)M(y“E) }

Po
X [|K | I T —K(z— A, )17 (6.17)
The operator K(z— A,,) ' is compact for z¢o(A,,) as a product of a
compact and bounded operators. Thus, [/ — K(z—A4,,) ']~" is bounded
provided that 1 is not an eigenvalue of the operator K(z— A4,,) '. This
condition is equivalent to the requirement that zéo(K+ 4,,)=0(B,,).

Note for completeness that if z ¢ o(B,,), then also z¢ g(A4,,). Denoting the
IKI LI — K(z— Ax)~'17"] by C', we obtain

k 211
HZ(z,ka)H<C'[(ﬂ—1)2+<y——p§)] (6.18)

Po
We see then that

[ explitnfe) 120, + v, ) £k )] 13 @

is absolutely convergent for §, € 13v;, 5v,[ and if we define

Z\feke) S p)= [ Z(=f, +ipke) Sk p)dy  (6.19)
then
12412 Ke) £ gy <€ 1S (620)

with constant
aC k 211
czc [" @] p-1p+ (-2 |
‘I*CD 0

which can be chosen independent of &, ¢, and &
{ii) For ke> &, we know that Ju >0 such that for all B <y, 6(B,. )N
{z: =B +iy,ye R} = . Choosing 0 < f§, <y, we have

(1/20) | exp(ztfe)(z— Biu) ™' f(k.p) dz

= (1/2m) [ exp[—(fs + ) tfed(—Bs +ir—Ar) " S dy

—aoc

vexp(Batfe)(1/2m) [ explivele) Z(~ o+ i) fdy  (621)
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Repeating now the same arguments as above, we obtain

exp (L84, ) Stk m=exp (Lt ) 1)
+7, (é ks)f(k, p) (6.22)
1Z,5(t/e, ke) Sl Loy S C IS 2y (6.23)

We have constructed a representation of the semigroup exp[(¢#/¢) B,.] for
f € D(B,,) a dense subset of L?(p) and this semigroup is a contraction semi-
group; thus, we can extend these results on the whole L*(p). {

With Theorem 6.1 we prove the decay estimate for the solution to the
LRBE with initial data f € H,(r, p). These solutions are defined as

fo(r, p, 1) =exp(1B,) f(r, p) (6.24)
From the contraction property of the semigroup exp(tB,) we see that
1fo(e, p, O < [ A, P (6.25)
More detailed information is provided by the following.

Theorem 6.2, For all 620, 1] the solution to the LRBE with
initial data f(r, p) has the following decay estimates:

(i) For feH,(r,p)

lim [exp(¢B,)fIl, =0 (6.252)

(ii) For feH,(r,p)nL'(r, L*(p))
lexp(eB,) f1l; < CLll Al + 1 xr, 2o/ (1 + 1) (6.25b)

(ii) For feH,(r,p), rfel'(r, Lr,p)), and, [dsrd;pfiy;=0,
j=1,.,5,,eKer(L), we have

lexp(tB,)Il, < C.ClIf1, +sup [ f(k, )l o)/ (1+ )" (6.25¢)
k

where the constant C, depends on ¢ only.
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Proof. According to the Theorem 6.1, we can write for f € H/(r, p)

lexp(¢B.) fII}
2

= [ ok dy p(1 412

exp (£ B ) k)

:jangle (1+k?)

exp (é Bke> Sk, p)

2
dsk

oxp (£ B ) 7. p)

2
d3kj]:1+13

+[a+ey
ke > 8

with

1=[dp [(1 +k2)’{ i exp E ;Vj(k,s)}
x (e;(—ke), (K, P)) 12 €,(ke)

rexp (4. ) stk m+exn(~25,)

2
}:Izll +12

L <e ™ | |24+~ 2P | f12 4 2Ce= WA+ | 1|2

«Z, (2 kg) 1k, p)

1, can be estimated as follows:

For I, we can write

L=[dp|  dk(1+r 2

ke > 81

exp (£ B, k. p)

tdp [ dk+#) |exp (54 ) flkB)
ke > 8y &

2

+exp ( STAFAL ke) f(k,p)

2
<exp(—21) 1717 +exp( 20, ) €271

+2Cexp[—£(1 +BZ)J LE
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We see that the main problem is to estimate the 7,. To this end, we observe
that

lim exp [2 A (ks)]z for Vk+#0

and
5

k(1) S (e(—ke), Sk, ) <1 < o0

j=1
Applying then the Lebesgue theorem®® to I,, we obtain

lim 7, =0

=~ 0
and it follows that

lim flexp(iB,)f], < lim (I, +1, +13)=0
I — 0

I — oC

This proves (i). A function fe H,(k, p) can be concentrated at k=0
and without additional information concerning the behavior of
(e;(—ke), f) 2, for small k& we cannot obtain stronger bounds on the
decay of f(r,p,t). Such an assumption is provided by (ii). If f(r,p)e
H,(r,p) L'(r, L*(p)), it means that sup, 1 (¢;(—Ke), f) 2 < 0. This
allows for improving the estimate for 7,. Denotmg

—A,(ke)’ = max {Re[4,(ks)], j=1,.,5}

ke < 1

we obtain

5

j dyk(1+ k) Y exp{2 Re[/,(ke)]t/e}
ke < 8

j=1

X|(€j(_k8)af(k’p)|2
<) k(14K exp(=245K%0) | /(K B3,

<J dyk(1 + K2) exp(—24,k%61)

ke < 3

X sip LK) Lk, )l Fap ]

SC(1+12) "2 £(6, P 2o 200
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For &0 we can write
Cl+16) V2L C(1 +1)
We can write also I; + I, <C(1+1)"*% | f||, and this gives (ii).
It follows from Theorem 6.1 that

2
e(ke)= Y e,(ikey' +o[(ke)’]
n=0

The assumption made in (iii) ensures that
(e;(—ke), f(k, p)) 2y li=0 =0
sup Vilejo, [k, P)) 2p) | < 0
We see then that for ke < J,,
(e;(—ke), f(k, p)) 2 S<keg(k)

where supy, | g(k)| < co. It is possible then to improve the estimate of 7, and
we obtain

I < Cj dyk(1+ k) exp(—24,k%1) k% | g (k)|

ke <y

< Cé J dyk k* exp(—24,k%t)

ke <9y

x [ sup (1+K%) (k)]

ke < 81

< AL+ 07 [sup 11k P )

As I, + I, <C(1+1)"%2 | f]12, we obtain (iii). |

Note that the decay estimates for the relativistic Boltzmann equation
are in fact very similar to those obtained for the nonrelativistic Boltzmann
equation by Nishida and Imai.™"®

7. THE HYDRODYNAMICAL APPROXIMATION

For sufficiently long times > max{ef; ', ¢, '} the dominant part of
the solution to the LRBE has the following form:

Sk, p, 1)=) exp [éz,(ks)J

j=1

x (e;(—ke), f(k, p,0)) 2, €;(Ke) (7.1)
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From the perturbation expansions of A;(ke) and e;(ke) (Appendix A) it
follows that up to terms of second order in k¢ we can write

A(ke) = iked,, — A kPe® + o[ (ke)*] (7.2a)

5
e;(ke)=e,o +ike Y, Byey + ikey; + o(ke) (7.2b)
=1

All {y,}}_, are orthogonal to Ny = {e;,}’_,. Explicit expressions for the
coefficients in the expansions (7.2) have the form

pk
Ay = —(ejo, po—k ej()) (7.3a)
kp _1 kp >
) = —| e —— — e, 7.3b
I (e,o,po cor0) E o, (7.3b)
B — _(;tjl _'1/1)71 (ej()a (l’k/Pok)(QLQr1 (kp/pok)en), i#1, ;Lj1 #
70, otherwise
(7.4)

Q is a projector on the subspace orthogonal to N,. These eigenfunctions €0
depend on p and the scalar product (o, o) is understood as the scalar
product in L%(p).

We define a set of auxiliary hydrodynamic variables n,(r, t) with a
help of the eigenvectors e, as

I’l,-(l', t):(ejo’ f(l‘, pa t)) (75)
We see that

5

£k p, =Y exp [éij(ks)]{nj(k,0)+ik£

j=1

5
X Z B}ln[(k, O) + ikg(l//ja f(k5 P 0))
=1

5
X [ejo +ike Y. Bje+ l'kﬁl//jjl} + o(ke) (7.6)
1

n=

In order to introduce the hydrodynamic approximation, we define a set of
differential equations for variables »,(r, ¢), i=1,..., 5,

o,m(r, 1) = 25: A V) n(r, 1) (7.7)
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where
A (V) = (Q2m) 2 f dyk[exp(ikr)] A, (k),,, (7.8)
and
_ ((1e)liked,y — (ke)* 4,,),  n=m
Ae(k)nm - {'—(inl _;vml) Brllm(kg)z, n ;ém {79)

It is easy to see from the definition of B} that 4 (k); = 4,(k); for i # j. The
following proposition describes the behavior of the eigenvalues of the
matrix A4,(k).

Proposition 7.1. Denote the eigenvalues of the A,(k) as 4](k),
j=1,..,5; then:

(i) For allkeR?and £€ 10, 1]
Re[45(k)] <0 (7.10)

(i) 36, >0 such that for k <, all these A (k) are analytic functions
of £ and have expansions

As (k) = ikAy, — k2eA,, + o(k?e) (7.11)

with 4, given by Eq. (7.2a).
(iii) 3f; >0 such that for £ >,

Re[A5(k)] < — Bs/e (7.12)

Proof. Observe that the eigenvalue problem for the matrix A (k) is
equivalent to the problem of finding in the space N, the eigenvalues of the
operator V defined as

V= P[ ikp §(QLO)"! kp:lP (7.13)
Po Pok ok

where P is a projector on the Ny, and Q =1— P. To see this equivalence,
it is enough to note that the matrix representation of the operator V
written in the basis {e,}>_, is identical to 4,(k). The operator (QLQ) !
is not positive and we see immediately that Re[ 4] (k)] <0, which proves (i).
The cigenvalues of the operator 4,.(k) depend only on £ and without
loss of generality we can choose k|| Z. The operator V then simplifies to

V:P[-ik&+kzs&(QLQ)l‘—’i]P (7.14)
Po Po Po
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For k small enough we can treat
k%P [’ﬁ (QLO) ! &1 P
Po Po _

as a small perturbation of the operator ik(p./po). Applying the
Kato—Rellich theorem to this case, we see that there exists d, >0 such that
for k <4,, Aj(k), j= 1,.., 5, are analytic functions of k. Now using the per-
turbation expansions with {e,,}7_, taken as eigenfunctions of the operator
P(p,/po) P, we obtain (ii). We have

Ker [P (1’% (QLQ)“‘%> P} A No={poS i}

For k #0, V(pofY*) = ikp, f¥?* and this shows that for k #0, p, > cannot
be an eigenfunction of the operator V. We note now that if ¢, is an eigen-
function of ¥ for k #0 and ¢, = p, f >+ ¥ with (i, po /) =0, then

Re(4, V¢)=k28<¢—(QLQ) "’Zw>< —Rek)  (115)

Po

If ke > 6,, then
y(k) ke = y(k) 63 /e = u(k)/e (7.16)

We show now that there exist k, and u, such that for ke > kg, u(k) > p. For
large enough k¢ we can write V in the form

V:kz.sp[—:’ L0 1”2]
Po

&Po

and treat the first term as a small perturbation of the operator
v'=P [’ﬁ Loy & |p
Po Po

The eigenfunction belonging to the zero eigenvalue of V' is pofo™
Denoting the corresponding eigenvalue of V' by A,, with the help of a
perturbation expansion we obtain

) 1 1
Ao =ikAgy, ‘;Aoz +EA03 +o[(ke)™ '] (7.17)



Linearized Relativistic Boltzmann Equation 223

with A4y, >0, and for the other four eigenvalues
Re[,(k)] < —7,k%>< ~%k§

We see that, taking ., sufficiently large, there exists x>0 such that for
ke>ko, Re(A5(k)) < —p.
Choosing now f, =min(y, u(k); ke [d,/e, ko/e]), we obtain (iii). J§

Our aim now is to solve the hydrodynamic equation (7.7) and show
that this solution converges to the solution of the LRBE as - o0. Let us
prove first the following result.

Theorem 7.1. For n,e H(r), i=1,.., 5, there exist global in time
solutions to Eq. (7.7), n,(r, t) € H*(r). The explicit form of these solutions
reads

n(r, 1) = (27:)*3/2] [exp(ikr)] n,(k, 1) (7.18)

and there exist constants 6, >0 and $; > 0 such that:

(i) For ke<o,

n,(k, 1) = exp[A° (k)] [nj(k, 0) -+ ike }E Bl (k, 0)]

i=1

5
+ Y, exp[Aj(k)t] ikeB,n,(k, 0)

/=1

+ Y exp[A:(k)e] Chk, 1) my(k, 1) (7.19)

where
AS(k) = ik, — kzsﬂvjz +o(k%)

and
[Chk, 1) < Ck?e

(ii) For ke> 4,
5

n(k, t)= 3 exp[(iked; —k%l,)t] n;(k, 0)

j=1

+exp(—Bstfe) Y. Z,(ke, t/e) n,(k, 0) (7.20)

822/57/1-2-15
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where _
1Z(ke, t/e)l| < C (7.21)

Proof. To solve Eq. (7.7), we use the Laplace transform in time and
the Fourier transform in r. These result in the following matrix equation:

i [zl — A, k)], n,(k, z) =, (k, 0) (7.22)

Its formal solution has the form

n;(k, z)= i [z —A,(k)]; " n,(k, 0) (7.23)

The time dependence of the solution is determined by

nk, t)=(2ni)~ J dz exp(zt)
i [z1—A4,(k)]; " n;(k,0) (7.24)

where the contour C lies to the right of the spectrum of 4,(k) and extends
from —ico to ioo. For sufficiently small k such that ke < 6, we can calculate
perturbatively [z/—A4,(k)] ' and then with A° from Proposition 7.1 we
have (i).

For ke > &, we split the 4,(k) as follows:

A(k)=C,(k)+ D,Kk) (7.25)
where
Co(k)y = (i, —k%el5)d, {7.26)
We can write

[z]— C (k)= D (k)]
=[2I-C k)]~
+ [zl = C (k)] {I—D(K)[zI— C (k)] '}~
x Dy(k)[2I - C,(k)]™' (7.27)
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With Eq. (7.27) we can rewrite Eq. (7.24) as

3

{
n(k, z):z.ﬁ_ij dz exp(zt) Z (k)1; " n;(k, 0)

il e [(—%‘”)t]
e
{1 D.(k) [( —ﬁg—%r iy) - Ca(k)}wl}“l

D,(k) [( _&Jr zy) Ce(k)}‘l}. n,(k,0)  (7.28)

The first integral can be easily calculated, with the result

J" dz exp(zt) Z [zl — C,(k)1; " n;(k, 0)

= exp[ (ki) —k%A,)t] n,(k, 0) (7.29)

The second integral can be written as
5

S exp[ —(Bs/e)t] Zike, i/e),; n;(k, 0) (7.30)
where
Z(ks, E)
8 nm
1 By . -t
= [ e {[( -2y ly) I- Ca(k)] {[1~ D(k)]
2 g
{(—%ﬂv) I— Ce(k)]_l}'1

xDE(k)<~—ﬂ—3+zy> - cs(k)]l} (7.31)

The matrix
{I—D,(k)[(—Bs/e+iy)I—C (k)] '}

is bounded as —f,/¢ + iy ¢ o(A,(k)); moreover, for large £,
’Ds(k)[(_BS/E + l'}))l_ Ce(k)] ‘l]nm| <C
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The integral in Eq. (7.31) is then absolutely convergent and defines a
bounded matrix operator. It is easy to estimate now

1/2
e O =| [ 0RO dik | <o (32)

This shows that the set {n.(r, 7)};_, is a solution Eq. (7.7) in H*(r). |
An important property of Eq. (7.7) is given by the following result.

Theorem 7.2. The operator A,(V) for all ee ]0, 1] generates a
strongly continuous contraction semigroup on H2(r) = X_, H*(r).

Proof. The domain D(A4,(V)) of the operator A,(V) is dense in H?(r)
and it is enough to show that for & >0

IL-A4V)+ &' <&t (7.33)

then a standard argument (see Kato,®® p. 479) leads to the conclusion that
A,(V) generates a strongly continuous semigroup. For ¢ € H*(r) we have

{(IT=A4.M)+ 117" bl oy}

[ @k 4R Y {I-A)+er) 7 g3 (134)

The matrix (—A4,(k) + &I) ="' is symmetric for all ke R? and for every k we
can find a unitary matrix S, such that

Su(—A(k)+&1)7H)S ¢ = E(k)

and
E(k); = (=A%) + &)~

Denoting /; = (S ¢);, we can write
Z —A4,(V)+L 71 91,17 = Z IL(=A5(k)+ &) (k)12
We can rewrite Eq. (7.33) in the form
[ dak(t + 22 Z LA (R)+8) g (k)]
<[ a1+ T & 0P
<E(Igl aagry)? (7.35)
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We have used fact that 4¢(k)<0 for ke R® and the unitary of S,. To see
the contraction, observe that for f'e D(A4,(V)), we have

LAV M
= & (14K expLAX ()11 F4(K)
(1 +82) expl A1 06D 220
= (14K expLA*(K) 1] £#(k),

2Re[A(k](1 +k*)exp[ A4, (k)] f(Kk))z2q, <O (7.36)

This last inequality follows from the fact that the operator Re[A,(k)] is
not positive definite, which was proved in proposition 7.1.
The *(k) was defined as

T2(k) = )5( L2(k) (7.37)

Jj=1

We have shown that exp[4,(V)¢] is a contraction on D(4,(V)), but as it
is a dense set in H?(r), this extends on the whole space A%(r). |}

These two theorems imply the following.

Corollary 7~.1. For all n(r)e H*(r), Bq. (7.7) has a unique strong
solution n(r, t)e H*(r) and for all >0

(1) In(r, [)”FIZ(r) < [|n(r)]] Ar) (7.38)

(i) [linolo 7, (r, )] g2y =0 (7.39)

Proof. The main assertion of this corollary and (i) follow directly
from the fact that exp[A4,(V)¢] is a strongly continuous contraction semi-
group on H2(r). Part (ii) can be easily deduced from Theorem 7.1 and the
fact that for £#0, lim,_, , n;(k, t)=0ae. |

The precise meaning of the hydrodynamic approximation is given by
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the theorem below. We define an approximation to the solution to the
LRBE with initial data f{(r, p) € H,(r, p) as follows:

o, p,t Z (p) (7.40)

We have then the following result.

Theorem 7.3. Letfs(r, p. t) be a solution to the LRBE with initial
data f(r, p) € H,(r, p) n L'(r, L*(p)) and let n(r, t) be a solution to Eq. (7.7)
with initial data n;(r) = (e,, f(r, p)); then:

(1) Hfs(rn p. t) _ff(r’ p. t)HZ

C
ST+ o7 (L, P2 + 1L/ P Logr, 22p))) (7.41)

(it) If in addition we assume that Qf(r, p) =0, then
If(x,p, 0) = £ (e p, D)

C
smﬁ (S (e, Pl + 1S (r, P)”Ll(r,LZ(p))) (7.42)

Proof. We choose 6=min(d,,0;). Application of Theorems 6.1
and Theorem 7.1 leads to the foilowing explicit expression for

Hfs(ra P t) _'ff(rv P t)”z
er(r’ p, l) '—ff(ka P, t

SJd3p{Ls<5d3 (14 k%) 1; {eXp[ ks)il
x (e;,(—ke), f(k, p)) e;(ke) —exp[14](ke)]

x [(e,-o, Sk ) +ike Y Bllens Sk, p))} e

=1

- i exp[4;(ke) 1] ikBj (e, f(k, P))ejo

n=1

5
=S expl AL (ke) ] oK) (e £k, p))e,o}

m=1

+expli—<v—(?+i:—:> t} f(k,p)

+exp<—%t> Z, <ka,é>f( ,
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exp[-(%‘ﬂw‘-%) t]f(k, p)
+exp<—€~2t) Z, <k8, é) Sk, p)

5
-y {exp[~(ik/1j1 —kedp)1]
j=1

+ dsk(1 +k>)

ke> o

X (ej(lv Sk, p))ejo + €Xp ( —~%[>

5
XY 2(kat) (oS pen
I=1 e/

2} {7.43)

The second integral can be easily estimated as
1, < Cexp(—y1) | f(k, p)li3 (7.44)

where y =min{l, B,/e, 4;, 6%, B1/e}.

In order to estimate the first integral in Eq. (7.43), we recall that for
ke < 8, the explicit forms of 4;(ke) and e;(ke), j=1,.., 5, are given by
Eqgs. (7.2a) and (7.2b), and that of A;(k) by Eq.(7.11). Making use of
these expressions, we can write the first integral, which denoted 7 as
I=1 +1,+1,, where

7, ngd”; {L dyk(1+ k%) lexpl(ikl; —k’ed)1]
£< 0

Z [lke Wy flk, )= 3 Cpll)

% (mos STk, p))} e + K5k, p) } (7.45)

o[ (2 e
+exp ( -%‘z) Z, (ks, é)f( ,

n :fagp{LK(i dk(1+K7)

2
} (7.46)
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L< cjd3p Uk dyk(1 + k)2 |expl(ikA,, —k%el,,)

e<§

5

XZ [lkE(lﬂ,,fk P)— 2 Cuk)

n=1

 (eos /K, p))eno} Rk, p)‘

o (2 50)

+exp < —% t) Z, <k3, é) 1k, p)’} (7.47)

The I, and I, can be easily estimated and we have

I,<exp<—£> flp)2, i=2,3 (7.48)

The remaining estimate of I, can be obtained following the proof of
Theorem 6.2(ii), and this results in the decay estimate (i). To prove (ii), we
note that the additional assumption Qf(k, p)=0 ensures that terms
(¢, f(k, p)) in Eq. (7.45) are equal to zero and the lowest order terms are
of order k%¢% This improves our estimate of /, and we obtain (ii). ||

We have shown that A4,(V) generates a strongly continuous contrac-
tion semigroup on H?(r), and as it is a dense subspace of L*(r)=
X, L*(r), we can define a contraction semigroup exp[4,(V)] on the
whole I*(r). This means that we now consider a weak solution of Eq. (7.7)
and for € L%(r, p} we define a Navier-Stokes semigroup N,(7) as

5
WA S0 = % 5 expLA V)L (e lr e} (749)
Jj=1 V=1
Obviously N,(7) is a strongly continuous contraction semigroup on
L*(r, p). It is easy. to see the following extension of Theorem 7.3.
Theorem 7.4. Let f,(r, p, ¢) be a solution to the LRBE with initial
data f(r, p) e L*(r, p) n L'(r, L*(p)); then:
(1) I.fe(r, p, 1) = N.() S5, P 2,y

<(—1—W [Hf(ra p)“Lz(r,P)

+ [1f(r, P Ll(r,LZ(p))] (4.50)
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(i) If Qf(r, p)=0,
”fe(l', P t) - Na(t)f(rs p)HLZ(r p)

(1 i t)7/4 [“f( r, p)“[}(r p)

+ [ f(x, p)l|L1(r$L2(p))] (4.51)

Proof. Analogous to the proof of Theorem 7.3.

Note that the decay estimates obtained in Theorem 7.4 are of one
order in 7 better then those obtained for the solution of the LRBE with the
same assumptions on the initial data in Theorem 6.3. This shows that
indeed the hydrodynamic approximation determines leading terms in the
solution to the relativistic Boltzmann equation for long times.

It is worth noting that we have proved the existence of the solution to
the hydrodynamic equations (7.7) assuming that the transport coefficients
which occur in these equations are derived from the underlying Boltzmann
equation. It would of course be interesting to know how much freedom is
allowed for these coefficients without these general properties of the solu-
tion being lost, but I will not try to answer this question here.

One can try to improve the hydrodynamic approximation by taking
into account the higher order terms in perturbation expansions of 4,(ke)
and ¢,(ke), but it turns out that the corresponding differential equations
are unstable. For example, it is easy to check that coefficients at terms of
order (ke)* in the series for 4,(ke) are positive and for large & the solutions
of the corresponding differential equations behave like exp(ik*e’r) n(k, 0)
with A>0. The blowup of these solutions shows that the Navier—Stokes
equations are very special and in order to improve them we need an addi-
tional procedure of including higher order terms to prevent this kind of
instability which is connected with higher order terms in the expansion of
4 (ke).

Equations of relativistic hydrodynamics have been obtained for the set
{n;(r, £)};_,, which are called auxiliary hydrodynamic variables because
usually such equations are written for a different set of variables, namely

no(r, 1) =(f§> flr,p, 1)) (7.52a)
T%(r, 1) = (pe [ f(r, p, 1)) (7.52b)
T, t)=(po f§> f(r,p, 1)) (7.52c)

where the scalar product is again taken in L*(p). The n,(r, ) are linear
combinations of these conventional hydrodynamic variables and by
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suitable transformation of Eq. (7.7) we can obtain corresponding equations
for ny(r, 1), T°(r, t), and T(r, t). For example, for the rest system of the
gas we calculate the explicit form of the transport coefficients in
Appendix B and after long but straightforward algebra we obtain

33

S033

S 000

0,no(r, 1) = — W;_(f()o_)zrl

VI(r, 1)+ [ } Ang(r, t)

NS (1%
8, T%r, t)= —VT(r, 1) (7.53b)

T33 TOO TO0T33
V,T(r, [)= —{:N—S(m—o—T(S(BB— N )}Vno(r, l)

TO0T33
. (SO33 _ _]V—> VTOO(T, f)

AT®(x, 1) (7.53a)

Ia r,—TI
+§—O%AT(r, t)+%3V(VT(r, 7)) (7.53¢)

where T(r, t) denotes a vector with components T%(r, ¢), k=1, 2, 3. The
coefficients §°°, §93 7%, T3 and N are defined in Appendix B and are
connected with thermodynamic properties of the equilibrium state of the
gas. An explicit form of the transport coefficients I, is also given in
Appendix B,

Note that these equations are in agreement with an exact form of the
conservation laws derived from the Boltzmann equation.'®)

8. FLUID DYNAMICAL LIMIT

There is another interesting limit we can consider for the relativistic
Boltzmann equation, namely the fluid dynamical limit, i.e., expansion of
fr,p, t) in powers of ¢ with appropriate rescaling of time variable and
then letting ¢ — 0. The nonrelativistic results are discussed in ref. 12 and 14.
We apply the same strategy to the case of the LRBE.

For the set of hydrodynamic variables #,(r, ), i=1,..., 5, we define the
Euler equations as

omi(x, 1)= E(V),my(r, 1), i, j=1,..,5 (8.1)

where

E(V),, = | dyk exp(ikr) E(K),, (8.2)
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E(k) is a diagonal matrix of the form
E(k)nm = l.k;tnl 5nm (83)

A, are given by Eq. (7.3a).
It is now easy to see the following:

Proposition 8.1. The operator E(V) generates a strongly con-
tinuous unitary group exp[£(V)t] on

A'r)= X H'(r) (8.4)

Proof. The explicit form of exp[ A(V)t] ¢(r) for g H'(r) is
{exp[E(V)1] ¢(r)},

:fd3kexp[(ikznl +ikr) ] 4,(k) (8.5)

which shows immediately strong continuity and we see that
5 12
eSpLEI 1 g1y =| [ sk 4+7) T 16,017
j=1
= “¢(r)”1:11(.—) (8.6)

These results do not depend on the sign of . |

It follows from Proposition 8.1 that n(r, )€ A'(r) with
ny(r, 1) = {exp[E(V)t] n(r)},, i=1,.,5 (8.7)

is a strong solution to Eq.(8.1) with initial data n(r)e H'(r). For
f e H(r, p) we define now an Euler semigroup E(¢) as follows:

5 s
E(t)f(r? P) = Z Z [exp(E(V)t]nm (emO’ f(r’ P))eno (88)

n=1 m=|

This Euler semigroup is a strongly continuous contraction semigroup on
H'(r, p). This fact is a direct consequence of Proposition 8.1 and definition
(8.8). We want to compare the approximate solution E(¢) f(r, p) with
actual solution of the LRBE with initial data f(r, p). This is provided by
the following theorem.

Theorem 8.1. Let f,(r, p, 1) be a solution to the LRBE with initial
data f(r, p)e H(r, p); then, for ¢ =0,

Lfo(r, p, 1) — E(2) f(r, p)Il, < Ce |l (v, p)l5 (89)
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Proof. Application of Theorem 6.1 leads to the following explicit
expression for || f,(r, p, 1) — E() f(r, p)|;:

1/:(e, p, ) — E(2) f(k, p)II§

<jd3p{jks<a k(1 + k2)

x (e;(—ke), f(k, p)) ej(ke)

& ol
—exp(td;)(e ,O,f(k,P))é’jo]

—I—exp[—(ﬁf—)ﬂ-ill:—:) t}f(k,l’)

+exp(——'i—11> Z, (ke,é)f(k, p)
+f  dik(14 k%) expl:—(m-f-l:—p) ]f(k, p)
xexp(—&t> Z, <k3,£>f(k, p)
& €

— Y [expl(ikd;1) Mejo, f(k, p))eso]

2

} (8.10)

To estimate the second integral, we use following simple inequality:

[ a4+ g0
k> ky

1+k2[
<[ dkti+r)(—5 ) EOK
k> ko kg

<ki? [ dk(4RY (g2

k> kg
< Lho ' g iy 12 (8.11)

Taking k, = /e, we can denote the second integral in Eq. (8.10) as I, <
e’ C || f(k, p)li5-

In order to estimate the first integral in Eq. (8.10), recall that for
ke <o an explicit form of the 1,(ke) and e;(ke), j=1...,5, is given by
Egs. (7.2a) and (7.2b). Making use of these expressions, we can write the
first integral, denoted I, as I=1I, + I, + I,, where
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25: exp Pj(ks) é}

j=1

IISCJd”){L k(1K)

x [z’ks(lﬂ,, f(k, p))+ ike

W

z kp))}e,,-wkzs%k,p)

- 2 explikd;it1(ejo, Sk, p))ejp 2} (8.12)
k
[2=fd3p{fkﬁ<a dyk(1+ k%) |e p!: (v_(:_) %) t}f(k, )
B ! ’
+exp<—~t> 1<k£,g>f(k,p) } (8.13)

%, o]

” k(1+Kk%)

ke<d

xl:lka(l,bj,fk p)) + ike

<% Bifen. flk P))}ejoJrszzf(ka p)
Z

pikl;; t)(es0, Sk, P))ejo

exp[ (MR8 ] sk
+exp<——z> <ka )f(k p)‘} {8.14)

The I, and I; can be easily estimated using Eq. (8.11) and we have, with
yzmin{la ﬁla ﬁ}}

I; <Cexp(—yy/e)e’ | f(k, p)I3,  i=2,3 (8.15)

Thus, it remains only to estimate /,. To this end, we observe that for given
t>0and K’er < <1

lexp[A;(ke)t/e] —explikA; 1]) < Ce(1+k?) (8.16)
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We can divide the region of integration in Eq. (8.12) into two parts, the
first corresponding to k* < {/et and the second to ke <§, k* > {/st. In the
first region we use Eq. (8.16) and in the second we use the estimate given
by Eq. (8.11) with /=3 and choose k, = ({/te)"/>. These lead to the estimate

L <Ce | fk p)l3 (8.17)

Taking into account that for I/<m, ||f(k, p)l|,,, we obtain the desired
estimate with constant C, depending on . |

Remark. The H'(r,p) is dense in L*(r, p); thus, the notion of the
Euler semigroup can be extended to the strongly continuous contraction
semigroup on the whole L*(r,p) and in this space we can prove an
analogous estimate, i.e., for f(r, p)e H?(r, p) and ¢ >0,

I.fo(rs p, 1) — E(2) f(x, D) 2,9y < Ce | f(x, D) (8.18)

The proof is identical to the proof of Theorem 8.1. From Eq. (8.18) we
immediately get the following result.

Corollary 8.1. Let f,(r, p, t) be a solution to the LRBE with initial
data f(r, p)e L*(r, p); then, for >0,

lirrz) S, p, t)—E(t) f(xr,p)=0 ae. in L*(r, p) (8.19)

This means that the operator exp(B,t) converges in the limit ¢ =0 to the
Euler semigroup E(¢) in spite of the fact that the damping is absent in the
Euler approximation.

The operator E(V) generates a unitary group; thus, the notion of the
Euler semigroup can be defined also for ¢ <0. In particular, for f € L(r, p)
the following relation holds (7 = 0):

5

E(—1) E(2) f(r,p) = Z (ejo, f(x, P))e; (8.20)

The next step consists in comparing the Navier-Stokes semigroup N,(t)
defined in the previous section and the solution of the Boltzmann equation.
As N,(r) depends explicitly on e, to see its effect in the limit ¢ =0 we shall
consider simultaneously the long-time limit by rescaling the time variable
t — t/e. We have the following result.

Theorem 8.2. Let f.(r, p, t) be a solution to the LBRE with initial
data f{(r, p)e H*(r, p); then, for £> 0 the following are fulfilled:

() IEC=1/e) fo(x, p, 1) — E(—1/e) N.(t/e) £(r, D) 2¢r.p)
< (e |f(r, pl2 (8.21a)
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(i) If we assume that Qf(r, p)=0, then

IE(—1/e) f.(x, p, 1) — E(—t/e) N(1/e) f(t, P L2(r, )
<Ce? | /(x> (8.21b)

Proof. The proof is similar to the proof of Theorem 8.1.

9. SUMMARY AND CONCLUSIONS

[ have shown that for hard interactions for sufficiently long times
and/or small mean free paths the solution to the linearized relativistic
Boltzmann equation can be approximated by the solution of the set of five
differential equations for conserved variables only. This left open one
important problem. As these equations are of parabolic type, there are
well-known difficulties with an infinite speed of propagation and the
Lorentz transformation.®® The present results state only that if any
observer moving relative to the gas formulates a Cauchy problem for the
Boltzmann equation in his frame, he can find a set of differential equations
with corresponding initial data and then form with the help of solutions to
these equations an approximation to the solution to the Boltzmann equa-
tion valid for sufficiently long times as measured in his frame. On the other
hand, if we are interested in comparing approximations made by different
observers, we need of course to know how these equations of
hydrodynamics transform from one frame to the other. But if one specifies
in one frame the initial data on the surfaces ¢ = 0, then when seen from the
other, moving frame, these data are no longer of the Cauchy type, but
rather are specified on some spacelike surface. Thus, in order to solve this
problem, one should find first a solution to the LRBE with such initial data
and next check if there exists a corresponding hydrodynamic approxima-
tion, which means performing the same analysis we made for the Cauchy
problem.

It should be stressed that the present results are not conclusive in the
sensc that we were able only to analyse the explicit form of the solution in
the long-time limit or zero-mean-free-path limit. In these limits one is left
with the leading terms only, which results in a breakdown of the causal
structure of the relativistic Boltzmann equation. I have recently discussed
this problem for a model Boltzmann equation,®® where I have shown that
teven a hyperbolic approximation to this equation converges in both limits
to the corresponding parabolic equation of hydrodynamics. On the other
hand, it is clear from the results obtained so far that apart from the five
conserved variables, no other can be sorted out of the whole set of non-
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hydrodynamic variables as is done in the derivation of extended
hydrodynamics or in the Grad methods of moments.>*> In this sense the
present results are close to the approach of van Kampen.‘®’

APPENDIX A

I present here the details of the perturbation expansion for the eigen-
values 4,(ke) and eigenfunctions ¢,(kg) of the operator B,, for i=1,.., 5.

The set Ny =ker(L) is spanned by five independent but in general not
orthogonal functions /¢ p.f§% p,f§% p.fi?% and pof{* Denote by
{#,}>_, an orthonormal set of functlons obtained from the above set with
a Gram-Schmidt procedure. Now consider the eigenvalue problem for the

operator B,
ikeEy ;(ke)+ Ly (ke) = A,(ke) ¥, (ke) (A1)
where
E = —Kkp/kp, (A2)

We treat ke as a small parameter. Taking a scalar product in L*(r) of
Eq. (A.1) with y;(ke) and using the fact that the operator L is independent
of k, we see that 4;(ke) is indeed a function of ke alone, which we have
already anticipated in our notation. We expand now the eigenvalues and
eigenfunctions of B,, as follows:

Aike) = i Am(ike)" (A.3)
e;(ke)= OZO: (tke)" (A4)

The existence of such expansions is assured by the Kato—Rellich theorem.
We are interested in calculating coefficients 4, and e, for j=1,..,5.
Making use of these representations of 4;(ke) and e;(ke) in Eq. (A.1) and
comparing terms of the same order in ke, we obtain

Lej, = jOejO (A.5)
z jrl ]n m_Eejnﬁla n<1 (A6)

For j=1,.., 5, Le;, =0. As the zereo eigenvalue of L is fivefold degenerate,
we assume that the e, are linear combinations of {¢,};_, in the form

5
eo="Y A, j=1..,5 (A7)
I=1
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The coefficients 4, are chosen in such a way that the operator E is
diagonal in e,

(€0, Eey)=4;1 0, Ji=1..5 (A.8)

These 4, and A4, can be calculated as the eigenvalues and corresponding

eigenvectors of the following matrix equation:

(M—M)A' =0 (A9)

where
(AN'=[A;,ms Ajs] (A.10a)
A, =9, Ed;) (A.10b)

M;eR, M;=M, for i# j and it is easy to sce that the matrix M is
diagonalizable and that 4, and the corresponding A’ are real. As the
|E| <1, we see also that [, | < 1.

Note that in the case when the degeneracy is not removed by the
operator £ in the first-order perturbation, ie., 4, =2, for some pair
i, je(1,.,5), we can always choose these e,, and e, such that they
also diagonalize the operator E(QLQ) ' E, where Q=1—P and P is a
projection on N,

The first-order corrections to e,, can be calculated from the following
equation:

L‘pjl = (;7'1 _E)‘ﬁjo (A*H)
The solution of this equation has the form
Y =—(QLQ) " EYy (A.12)

We can add to this solution a combination of the solutions of the
homogeneous equation Ly = 0. We write then the general form of ¢, as

5
ey =—(QLQ) "Eejy+ Y. Bleg (A.13)
/=1
with B;j =0.

Coefficients B;, are fixed by the requirement that the rhs of the
equation for the second-order corrections is perpendicular to Ny, ie.,

Ly, = (4 —E)e; +ine, (A.14)

822/57/1-2-16
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Taking the scalar product of this equation with ¢,, /=1,..., 5, we obtain
—(ej0, E(QLQ) ™" Eey) (A.15)

{_()m — )" (e, E(QLQ) ™! Ee;), i# ], /1,‘1 #An
0, otherwise

B, =

P (A.16)
The operator (QLQ) ! is not positive definite; thus, the 1, >0. In fact,
we need to show that 4,>0 for j=1,.,5 To see this, note that
(QLO) ' EYy=0iff y = czpof‘/2 We assume then that one of ey, say e,, =
apo f 5% Without loss of generality, we can take the z axis parallel to the
vector k and we see then that Ee,, =ap,f5? Taking now the scalar
product of Ee,, with ey, j=2,..., 5, we see that all these e, are orthogonal
to p,fi? and, as they together with e, form an orthonormal set, also to
pof o2 It is easy to check that the subspace orthogonal to {p, /¢, p.f >
in N, is only three dimensional; thus, the set {e;}’_, cannot be linearly
independent, which contradicts the fact that they form an orthonormal
basis. We see then that the e;, must be either orthogonal to p, [y
be of the form e =ocp0f(1)/2+ﬁt,b with (f, pof¢?)=0. Thus, —4; < <
sup, (e, E, (QLQ) ! Ee,y) <0.

It follows from the remark above that for 1,, = 4,0, i# j, we have

A;=(ej0, E(QLQ) ! Ee,)=0 (A.17)

In general we obtain for n> 1

5

€jp = —(QLQ)! Ee, |+ z B (A.18)
with B}, =0.
For B} and 4,, we obtain two coupled recursive relations:

din = (€50, E(—(QLQ) ' E)" "' e,)
+ Z Z By Yew, E(—(QLQ) " E)"e;)  (A.19)

m=1 j=1
n+1
(Aer —Ai) Bl = Z ;timBr;k+17m
m=2
n—1 5
— Y ¥ By Plews E(—(QLQ) ' E) )

p=1j=1

— (exo, E(—(QLQ) ™" E)" ey) (A.20)
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The vectors e;(ke) =3 e;,(ike)” have to be normalized. Let us choose a
normalization such that

(e:(—ke), e;(ke)) =9, (A.21)
For ke small enough, we can write
Ajke) = ikel, —k*€*A; + o(k?e?)

5
e;(ke)=e, +ike Y Bjey +ikep, +olke)
/=1

where

lpjl = “(QLQ)*1 EejO
We see that (;,, e,4)=0, 4, I=1,..., 5.

J

APPENDIX B

Here I calculate the explicit form of the coefficients 4,, and e;, in the
rest frame of the gas. In such a frame the hydrodynamic four-velocity u*
has the simple form #*=1[1,0,0,0] and f, = Cexp(—p,). The ortho-
normal set {¢;} which spans N, can be chosen as

$ro= SN~ (B.1a)

$ro =PSSO (B.1b)

930 =P, [ (S°%) 1”2 (B.1c)

Pao = p. L H(S9) 12 (B.1d)

) TOO , (TOO)Z — 172
Pso = <Pof<1)/2_‘N‘ (1),2)(5000_____N_> (B.te)
where

N=|dpfy (B.2a)

7= [ P2t 1, (B.2b)

0

SOocﬁ:j d3ppxpﬂf0 (@, =0, 1,2,3) (B.2c)
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From the symmetry of f, with respect to interchange p; i=1, 2, 3, we see
that S9! =S92 =593 The matrix equation determining both 1, and A°
has the form

(M—AHA'=0 (B.3)
where M, =M, and for i> j,
(¢p0’ (pz/p0)¢q0)a P=1’q=4 or p=4’q:5
y = B.4
M {0, otherwise (B4)

The solution of this equation leads to the following eigenvalues and eigen-
vectors:

Ay =—=[(Bua)+ (Bus) 1P =~4 (B.5a)
_2 1/2 <ﬁ14 ¢10 +¢40 +ﬁ25 ¢ ) (BSb)

Aoy = A (B.6a)
=272 (<P + 40 -B ) (B.6b)

Ay =0 (B.7a)

€30 :B—:{i(ﬁm _%¢50 (B.7b)

Ay =0 (B.8a)

€40 = P20 (B.8b)

Asy =0 (B.9a)

€s0 =30 (B.9b)

where

Bro=[ ds pplpy fo(NSH) = TH(NSO) =12 (B.I0)
Bas = Bis — Bis (B.11)

(T0)2\ -2
45 = J ds ppifo [S(m - <SOOO TN

SOBN 12
:[R%WWIT?“F} (B.12)
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2 7700 —12
ﬂis :Jd3p%fo I:(Sooo ( N) )SOS{!
0

TOOT33 , )
— (NSO33)1/2 [NSoOO _ (TOO)k} -1/2

In the next order in k¢ we obtain

1 TOO iy 2
1122‘2“]:{)]6;?/2 B/;]SVI/Z [Nsooo (T00)2] 1/2} rl

+(SO33)41 F2:|
Biz 2) [{BM ~1/2 645 TooN 1/2
2
x [NSOOO—(TOO)Z]_I/Z} rl +(s033)»1r2:|

Bl — 1 l:{é_li N)I/Z ﬂ45 TOON 1/2

13 21/21 i
x [NSOOO_(Too)z:I—l/z} {ﬁ%N 1/2
:814

TOON l/2[NSo00 (T00)2]A1/2} 1—11]

ey = (QLQ)””Z

e+ Biyes + Bises

A

243

(B.13)

(B.14a)

(B.14b)

(B.14c)

(B.14d)

1 , ,
/122 ZEI:{E&NM 345 TOON — 1/2[NS000 (Too)zjl/z} I,

+ (SOSB)—I F2:|
Bé3 = "Bi3

1Pz
Po

)u32—{ﬁ45N 12 ﬁ14 T()QN 1/2

ey =~ (QLO)~

€s0 + Blye1o + Bjses

% [NSobo_ (T%)?] 1/2} r,

(B.15a)
(B.15b)

(B.15¢)

(B.16a)
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w

A

1 P:

es; = —(QLQ) _630+Bi3830+3£3620 (B.16b)
0
Ap =(S°") T (B.17a)
€4 = *(QLQ)71&640 (B.17b)
Po
Asy = (8%~ Iy (B.18a)
es = —(QLQ) ' ey, (B.18b)
Po
here
r=—(r 2 0r0) 3/2) (B.19)
Po Po
: pl
Iy= —( vl org)- P 3/2) (B.19b)
Po Po
ry= _<fg,/2 PP (grgy-1 =P g/2> (B.19¢)
Po Po
CKNOWLEDGMENTS

This work was partially supported by the Polish Ministry of Sciences

and High Education, Grant CPBP 02.02. I thank M. L. Ekiel-Jezewska
and J. Szczepanski for very valuable comments and discissions.

R
1

2.
3.
4,

EFERENCES

. C. Eckart, The thermodynamics of irreversible processes III. Relativistic theory of the

simple fluid, Phys. Rev. 58:919 (1940).

L. D. Landau and E. M. Lifschitz, Fluid Mechanics (Pergamon Press, Oxford, 1959).

W. Israel, Relativistic kinetic theory of simple gas, J. Math. Phys. 4:1163 (1963).

W. Israel and J. M. Stewart, Thermodynamics of nonstationary and transient effects in a

relativistic gas, Phys. Letr. 58A:213 (1976); Transient relativistic thermodynamics and

kinetic theory, Ann. Phys. (NY) 118:341 (1979); On transient relativistic thermodynamics

and kinetic theory, Proc. R. Soc. Lond. A 365:43 (1979).

. 1. Shih Liu, I. Miiller, and T. Ruggiri, Relativistic thermodynamics of gases, 4nn. Phys.
(NY) 169:191 (1981).

. N. G. van Kampen, Chapman-Enskog as an application of the method for eliminating
fast variables, J. Stat. Phys. 46:706 (1987).

- U. Haingz, Kinetic theory for plasma with nonabelian interactions, Phys. Rev. Lett. 51:351
(1983); D.D. Holm and B.A. Kuperschmidt, Relativistic chromodynamics and
Yang-Mills Viasov plasma, Phys. Lett. 105A:225 (1984); K. Kajanite, Hydrodynamics



Linearized Relativistic Boltzmann Equation 245

12.

13.

14.

15.

16.

17.
18.

19.

20.
21

22.
23.

24.

and approach to equilibrium in quark-gluon plasma, Nucl. Phys. A 418:41c (1984);
G. Baym, in Quark Martter, K. Kajanite, ed. (Lecture Notes in Physics, Vol. 221;
Springer-Verlag, Berlin, 1985).

. D. Mihalas and B. W. Mihalas, Foundation of Radiation Hydrodynamics (Oxford Univer-

sity Press, 1984).

. J. L. Synge, The Relativistic Gas {North-Holland, Amsterdam, 1957).
. S. R. de Groot, W. A. van Leeuven, and Ch. G. van Weert, Non-Equilibrium Relativistic

Kinetic Theory—Principles and Applications (North-Holland, Amsterdam, 1980).

. H. Grad, Asymptotic theory of the Boltzmann equation, Phys. Fluids 6:147 (1963);

Asymptotic equivalence of the Navier-Stakes and non-linear Boltzmann equations, Proc.
Symp. Appl. Math. Am. Math. Soc. 17:154 (1965).

R. S. Ellis and M. A. Pinsky, The first and the second fluid approximations to the
linearized Boltzmann equations, J. Math. Pures Appl. 54:125 (1976).

T. Nishida and L. Imai, Global solutions to the initial value problem for the nonlinear
Boltzmann equation, Publ. IMS Kyoto 12:228 (1976).

T. Nishida, Fluid dynamical limit of the nonlinear Boltzmann equation to the level of the
compressible Euler equations, Commun. Math. Phys. 61:119 (1978).

M. Klaus, The linear Boltzmann operator—Spectral properties and short-wavelength
limit, Helv. Phys. Acta 28:99 (1975).

M. Dudynski and M. L. Ekiel-Jezewska, On the linearized relativistic Boltzmann equa-
tion. I. Existence of solution, Commun. Math. Phys. 115:607 (1988).

F. iter, Ann. Phys. (Leipzig) 34:856 (1911); 35:145 (1911).

M. Abramovitz and 1. A. Stegun, Handbook of Mathematical Functions with Formulas,
Graphs and Mathematical Tables (Dover, New York, 1965).

M. Schechter, On the essential spectrum of an arbitrary operator, Math. Anal. Appl.
13:205 (1966).

T. Kato, Perturbation Theory for Linear Operators (Springer, Berlin, 1966).

M. Reed and B. Simon, Methods of Modern Mathematical Physics. IV. Analysis of
Operators (Academic Press, New York, 1978).

L. Schwartz, Analyse Mathematique (Hermann, Paris, 1967).

M. Dudynski, On the Boltzmann-Lorentz model for particles with spin. III. The Grad
method of moments, Physica A 52:254 (1988).

M. Dudynski and M. L. Ekiel-Jezewska, Relativistic Boltzmann equation—Mathematical
and physical aspects, in Relativistic Fluid Dynamics (Lecture Notes in Physics, in press).



